In this work we present an approximate solution of the Schrödinger equation for the two-dimensional three-body Coulomb problem. We study the C3 model that treats the particle's motion as if it were uncorrelated. We also show the bidimensional ⌽ 2 approximation, based on a recently developed model, which includes some terms of the nonorthogonal Hamiltonian associated with the three-particle correlation. We point out the main similarities and differences with their three-dimensional analogs and verify the correct asymptotic behavior of the wave functions.
Within the field of atomic collision theory, the three-body continuum Coulomb problem ͑3BCP͒ stands out. Its formal solution for arbitrary masses and charges remains unknown. Several kinds of approximate solutions have been proposed in order to understand the underlying dynamics but they are restricted to particular systems. Similar remarks apply to the numerical treatment of the problem ͓1͔.
It is worthwhile to explore the possibility of describing complex systems as the 3BCP by two-dimensional models, which in turn are easier to treat from a computational and formal point of view. As a direct antecedent, the solvable two-body Coulomb problem in two dimensions has been studied in the past by several authors ͓2-4͔. The simplification introduced by this approximation proved useful and has become of interest in many areas of physics. For example, in solid-state physics, hydrogenic impurities in semiconductor heterojuntions have been modeled by d-dimensional hydrogen atoms, with dϭ2ϩ⑀ ͓5͔. These models have revealed that a great deal of the relevant dynamics is in general preserved in two dimensions.
Recent measurements of electronic emission in ion-atom collisions using recoil spectroscopy techniques have shown that electronic emission is produced mainly in the scattering plane defined by the incident projectile direction and the target recoil ͓6͔ . This could indicate that the process is mainly determined by a bidimensional dynamics.
In 1980, Garibotti and Miraglia ͓7͔ developed an approximate solution for the 3BCP, usually known as C3, consisting of the product of three two-body Coulomb problem ͑2BCP͒ solutions with no correlation between them, and under fixed boundary conditions.
Recently, a new correlated wave function, called ⌽ 2 , has been introduced for the 3BCP, particularly for the cases in which one of the particles is much heavier or lighter than the other two ͓1,8͔. These models involve coupling between the three relative motions taken as independent in the C3 model.
In this work, we present approximate solutions for the two-dimensional 3BCP. The aim of this paper is to obtain two-dimensional analogs of the C3 and ⌽ 2 solutions, test to see if the relevant dynamics is preserved, and look for a better understanding of the physical meaning of the approximations made in these models.
Let us first briefly recall the 2BCP in two dimensions. We look for the solution of the two-dimensional ͑2D͒ timeindependent Schrödinger equation in the ͕r͖ representation
where is the electron-nucleus reduced mass of the system. Introducing the parabolic coordinates ϭrϩk •r, and ϭr
The total normalized wave function solution of Eq. ͑1͒ for the continuum reads
where N k is the normalization constant, and, as in the threedimensional case, ␤ 2 ϭ0 (␤ 1 ϭ0) leads to a wave function with incoming ͑outgoing͒ asymptotic behavior. Looking at the asymptotic behavior of ͑2͒ when dealing with an outgoing wave function, we can derive the normalization constant N k , that gives unitary outgoing flux,
with ␣ϭZ/k ͓9͔. Let us consider the probability distribution n xd of finding the particle around the x-D Coulomb center by taking the square module of the respective continuum wave function
In Figs. 1 and 2 we show, respectively, n 2d /N k 2 and n 3d /N k 2 in Cartesian coordinates for low momentum values. The general form of the distributions is quite similar having maxima over different parabolas and a principal maximum *Electronic address: mave@cab.cnea.gov.ar for ϭ0. Nevertheless, in n 2d the secondary maxima are relatively higher than in n 3d . When the momentum k becomes small, these maxima tend to the value for the principal maximum for kϭ0. The behavior of n 3d is different though, being the height of secondary maxima approximately equal for all values of momentum k.
In order to obtain the parabolic bound states, the analytic extension method for the continuum wave function can be used instead of the direct solution of the Schödinger equation for the EϽ0 case. The normalization constant is related to the Jost function in such a way that its poles determine the position of the bound states in the complex energy plane. The analytic extension for the momentum k→Ϫi(Z)/(n Ϫ 
͑4͒
with n being a positive integer. This expression denotes the correct energy levels, thus avoiding the spurious energy levels found solving the time-independent Schrödinger equation for EϽ0 in parabolic coordinates ͓3͔. The ٌ 2 operators can be explicitly expressed in terms of the parabolic coordinates in a similar way to that used in Ref.
͓8͔.
In order to find an approximate solution of Eq. ͑7͒, we will neglect all the terms that include mixed second derivative and propose a wave function of the form ⌿ ϭ f 1 ( 1 ) f 2 ( 2 ) f 3 ( 3 , 3 ) . Then Eq. ͑7͒ can be separated in In order to compare 2D vs 3D wave functions, we define a reduced particle distribution that represents the probability of finding the electron in the combined field of the heavy ions:
being N i ϭ⌫(
). In Fig. 3 , we show a representation of n C3 / (N 1 N 2 ) 2 in the configuration space with origin at r 23 ϭ0. Here r 12 ϭ6 a.u. along the x coordinate and k 23 ϭk 13 ϭ1 a.u., where k 23 is antiparallel to the relative position vector r 12 . The unit vector k 13 forms an angle of /4 with the k 23 direction, which defines the value of k 12 ϭ1.41 a.u. The charges of the particles are Z 1 ϭZ 2 ϭ1 and Z 3 ϭϪ1.
The three-dimensional representation of n C3 /(N 1 N 2 ) can be seen in Fig. 4 , where the distance between the heavy particles, the direction and module of the relative momenta, and the charges involved are the same as in Fig. 3 .
We propose a wave function of the form ⌿ ϭ⌽( 1 , 2 )( 3 ). ( 3 ) is a usual 2D 2BCP solution.
As we restrict ourselves to consider the correlation of a light particle ͑electron͒ with regard to two heavier ones ͑bare ions͒, we neglect the dot products of gradients except for i ϭ1, jϭ2 in the Laplacian operator. The term that introduces the correlation is ␤ϭ͑᭞ r 23 1 ͒͑ ᭞ r 23 2 ͒ϭ͑ r 23 ϩk 23 ͒•͑ r 13 ϩk 13 ͒. ͑11͒
The ⌽ 2 approximation in the three-dimensional case further neglects some terms in ͑11͒ based on qualitative physical considerations. In the two-dimensional case the planar geometry gives us a better picture of the restrictions introduced to the physical description when using the ⌽ 2 model, so we can test our criteria.
Within the condensation region, it can be seen ͑Fig. 6͒ that when 1 ϭ, 2 ϩϭ/2, ͑11͒ gives In the limiting cases r 23 ӷr 13 (r 23 Ӷr 13 ), under the restrictions 1 ϭ, 2 ϩϭ; ( 1 ϭ0, 2 ϭ0,ϭ/2) Eq. ͑11͒ approaches ͑12͒. Considering Eq. ͑12͒ the differential equation for ⌽ can be cast into a ⌽ 2 system ͓8͔. 
which is similar to the one obtained by Gasaneo et al. for the three-dimensional case ͓8͔.
Let us now define the reduced particle distribution, 2 , for the two-dimensional and three-dimensional cases, respectively, under the same assumptions of Fig. 3 . As in the 2BCP, in the threedimensional case the ridges are better defined compared to the two-dimensional analog. In order to test the ⌽ 2 approximation, several benchmarks can be performed. For example, one should expect the wave function to approximate the solution 2BCP when the heavy particles coalesce. To do this, we work in the ͕r 12 ,R 12 ͖ Jacobi pair with the purpose of writing the energy in terms of ͕k 12 ,K 12 ͖. Using the representation given in Ref. ͓10͔ the ⌽ 2 function can be cast into 
If one considers 1 ϭ 2 ϭ, k 23 ϳk 13 ϭk, ZϭZ 1 ϩZ 2 , and the two heavy particles to be identical ( 23 ϭ 13 ϭ) then it can be seen that it goes to the solution of the 2BCP, namely, 1 F 1 (iZZ 3 /k, 1 2 ,Ϫik). On the other side, the hypergeometric function that describes the interaction between the heavy particles tends to one when the distance between the particles and their relative momentum tends to zero.
Let us now draw some conclusions from this work. We have studied the two-dimensional 2BCP and 3BCP in their continuum spectra and compared them with their threedimensional analogs. As a result of the striking similarities between the two-and three-dimensional results we conclude that the two-dimensional approximation is a useful tool to count with.
We have employed an analytic extension method to the continuum wave function with the aim of recovering the bound states. It is worth mentioning that this method gives the correct energy levels avoiding the introduction of spurious states, a drawback in the usual treatment of the bound states of the two-dimensional 2BCP.
We have shown that it is possible to build a continuum wave function for the 3BCP in two dimensions, namely the C3, with the correct boundary conditions for the bidimensional scattering problem. From the mathematical point of view, the C3 wave function has the same functional form as its three-dimensional analog. In order to improve the description made using the C3 approximation, further extensions of the model have been accomplished ͓11-13͔. Due to the above considerations, these same extensions seem to be feasible in the two-dimensional case.
The introduction of the ⌽ 2 model shows us clearly how a correlated wave function in two dimensions for the 3BCP behaves and how different its behavior is compared to an uncorrelated one ͑C3͒.We have also shown that, as in the three-dimensional case, the ⌽ 2 wave function reduces to the 2BCP solution when the two heavy particles coalesce. The restrictions involved for the physical model when dealing with an approximation of the ⌽ 2 type, particularly when the particles are closer than in the asymptotic region are quite difficult to grasp in the three-dimensional case. In the twodimensional case, however, we have seen that the planar geometry gives a better description of the directions assumed for positions and momenta, and a better understanding of the approximations made is achieved.
